We prove the following result: If (a")n is a sequence of complex numbers, then there exists a ^'"'-function / such that / and all its derivatives are rapidly decreasing functions, /(/) = 0 for t < 0 and /0+o° t"f(t) dt = a" . We extend this result for a generalized Stieltjes moments problem. Also, we characterize the C°°-functions / in (0,+oo) suchthat / and all its derivatives are rapidly decreasing functions in (0, -t-oo) and with null moments.
Introduction
The problem of determining necessary and sufficient conditioins for a sequence of numbers (an)n to have the form an = f£°t"da(t) where a(t) is non-decreasing and n > 0 was set and solved by T. J. Stieltjes in 1894-95 [12] .
In 1938 R. P. Boas and G. Polya [2, 9] found for each sequence (an)n a function / of bounded variation in (0, + oo) such that an = /0°° t"df(t).
We prove here that we can find a regular function / with the given moments. Indeed, we prove the following result:
Theorem. Let (a ) be a sequence of complex numbers; then there exists a function f such that:
(a) f G S, where S is the Schwartz's space (i.e. fis a C°°-function and f and all its derivatives are rapidly decreasing functions) and f(t) = 0 if t<0. (b) an = Çtnf(t)dt forall «>0.
(If a function / satisfies condition (a), we say that f G S+ n S). The key in the proof is the characterization of a certain space of analytic functions in the disc Q0 = {u G C: |w -¿\ < \} (this space is obtained from S+nS by taking Fourier transform in a suitable sense) in which an interpolation theorem is proved (see §2).
This characterization is obtained from the results in [3] , where we study the Fourier coefficients of functions in the space S+ n S with respect to a certain orthonormal system. We relate the coefficients of a function with its Fourier transform (see §1).
In §4, using certain properties obtained in [3] for a Hankel transform (which was used by Hardy [8] to study a Stieltjes moments problem) defined by
Jo where J0 is the Bessel function of first kind and / is a suitable function, we characterize in a unexpected way (because of its simplicity), the functions / defined on (0, + oo), such that / is a C°°-function and / and all its derivatives are rapidly decreasing in (0, +00) (we shall say that f e S+) with null moments. Indeed, we prove:
Theorem. Let 4> be a C°°-function in (0, +00) such that supí>0¿ \4>{n\t)\ < °°f or all k,n > 0. Then /0°° t"4>(t) dt = 0 if and only if there exists a function ip GS+ CiS such that tf>(t) = \ /0°° ip(x)JQ(\fxt) dx.
Also, in §4 we propose a problem on the functions of S+ f) S with null moments. Finally, we extend the previous results to a generalized moment problem.
Terminology. Throughout the paper S denotes the Schwartz's space, i.e. / G S if and only if / is a C°°-function and / and all its derivatives are rapidly decreasing functions. We write s for the space of rapidly decreasing sequences. The Fourier transform of a function / is denoted by /. We use the following standard notation for special functions: the Laguerre polynomials are denoted by L°(t) = EL0("t2)(-*)*/*! ' a > -1, and the Bessel function of first kind by JQ. We write D for the unit disc D = {w G C:\w\ < 1} and QQ for the disc Q0 = {ugC:\u-\\ < %}.
Preliminaries
We shall consider the space S+ = {4>: (0, + 00) -> C such that 4> is a C°°-function and \\<f>\\k " = sup tk\4>{n)(t)\ <+00 for all it, n e N} ' «E(0, + oo)
It is easy to verify that (S+ , \\ • \\k n ,k, n G N) is a Fréchet space, and that (j) G S+ if and only if cf> is the restriction to (0, +00) of a function of the Schwartz's space S.
Also, we shall consider the following space: S+ n S = {</> G S: 4>(t) = 0 for t < 0}, which can be considered as a subspace of S+ , in a natural way. It is easy to prove that if 0 G S+ then cf> g S+ nS if and only if lim/_>0+ (f>{k)(t) = 0 for all k > 0.
In [3, Th. 2.9] or [7, p. 548 Let 4> G L ([0, +oo)), and consider the following analytic function <f> in the
Jo (Notice that if z G R then (j>(z) = <j>(z).) Using the bilinear transformation W(z) = (-j + 2niz)/(j + 2niz), which transforms the lower half plane in the unit disc, we obtain the following analytic function 0 in the unit disc:
In the following theorem we relate the function 4> with the Fourier-Laguerre coefficients of <f>, for <f> G S+ . Let (/> G S+ . Given 4>(t)e , in a similar way as we did for 4>, we can define two functions (4>(t)e )~(z) and (</>(t)e )"(«)» which are analytic in {z G C:3z < -1/4^} and Q0 = {u G C: \u -j\ < ¿} respectively. We need the next theorem, whose proof is suggested by Gardins proof of a classical Borel's Theorem (see [4, p. 50] ). We consider a bilinear application H, which transforms QQ in D , sending 0 into zQ and 1 into 1.
Finally, we take F:QQ -> C defined by F(u) = -(l/a0)g(H(u)).
Lemma 2. Let u gQq. Given n, let z be such that z = u and \ arg(z)| is the smallest possible. Then z g Q0 .
Proof. It is enough to prove the Lemma for \u -¿| = i. We then write u = 1/(1 +tan2(Ö)) + (tan (9/(1 +tan2 (9)); with -n/2< Ö < tt/2 , so that \z-{\ < \ is equivalent to (cos(ö)) < cos(ö/2 ), and we proceed by induction.
Proof (of Theorem 2.5). Let (an)n be a sequence of complex numbers. We define the sequence (bn)n as bn = 1/2 " with kn = min{m: 1/2'" < l/([|an|] + 1)} (where [x] is the integral part of the real number x). We define the function /: Q0 -► C as oo "=°w here F is the same function in Lemma 1 and we choose u " as in Lemma 2 (with this choice u " is an analytic function in fi0 , and take its values in Q0).
We prove that / and all its derivatives are bounded in Q0 .
Since limu_(1 F (u) = 0 for all n > 0, there exists Mx > 0 such that \F(u)\ < Mx\l -u\ . Let u be such that \u -j\ = j ; we can write u = 1/(1 + tan2(6>)) +(tan 0/(1 + tan2(0))/ with -n/2 < 6 < n/2. It is clear that |1 -w|2 = sin2(<9) and l-|"l = l-cos(Ö). So \F(u)\ <M(l-\u\) for u G f20.
The following shows that f is analytic and bounded in Qn :
a" n r, b",
for all «6fln and « > 1 ;
and from n = 0 \F(ub )\ < constant. We shall study the derivatives of /. We have: In [14] using other techniques, we can find theorems of the same kind as Theorem 2.5 for more general sets Q, but the function / which interpolates the sequence (an)n does not satisfy condition (c).
The Stieltjes moments problem in the space S+ n S
We prove that the Stieltjes moments problem always has a solution in the space S+ n S (and so in the space S+). Theorem 3.1. Let (an)n be a sequence of complex numbers. Then there exists a function (f> G S+ n S such that /0°° t"(h(t) dt = an for all n > 0.
Proof. We define the following sequence bn = X^=0((-l) /k\)("k)ak. As Ln(t) = ¿Zl=o({-lf/kl)(k)tk, if there exists </> G S+ n S such that ¡™(p(t)Ln(t)dt = bn, it is clear that /0°° <j>(t)t" dt = an. Let cn = n\bn . By Theorems 2.4 and 2.5, there exists / G H(Q0) and 4> G S+nS such that g(u) =
(1 -u)f(u) = (<t>e'/2Y(u) and limu^0/n)(u) =cn. We shall prove that bn = ¡¿°°<t>(t)Ln{t)dt. Indeed
By [6, p. 189 ] <p(t,u) = (j)(t),£ikx>=0Lk(t)uk , for Í6R and \u\ < 1 . Now it suffices to see that \<p(t ,u)\ < h(t) with h G L ([0, + oo)). As
with u = x + iy, we have \cp(t,u)\ < \<j>(t)j^¡\exp(-t^fS^'fi) ■ So is enough to take u G Q0 with 9Í« < ¿ . We deduce the existence of solution for a generalized Stieltjes moments problem. 
Functions in S+ with null moments
In the following theorem, we characterize the functions of S+ such that their moments are null. Since ß?0 = id, setting ^ = <^(</>) we finish the proof.
We shall extend the previous theorem for the generalized moment problem. In [3] Theorem A is generalized in the following way:
Let a > -1 , ta/2S+ = {fl2<t>:<t>G S+} and &°(t) = xnLan(t)ta/2e-'/2, where xn = (Aî!/r(Az + OL+1)) and Lan(t) are the generalized Laguerre polynomials.
It is well known that (2""(t)) is an orthonormal system in L ([0, +oo)).
If ip G t S+ we define the Fourier-Laguerre coefficients of ip as an = J0°° \p(t)^(t) dt. We prove in Applying these results, we obtain: 
